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Abstract

The purpose of this paper is to present some algebra that underlies some quantum
circuit identities from Ref.[1] that are used within the class CGateSEO _writer of
Qubiter. By putting the algebra here, I hope it makes it easier for Qubiter users to
follow the code and to spot & report any mistakes if there are any in the algebra.



1 Introduction

All the quantum circuit identities in this paper have been known for a long time.
They appear in Ref.[1] published in 1995. The purpose of this paper is to present
some algebra that underlies those identities. Most of that algebra is used within the
class CGateSEO writer of Qubiter.

Throughout this paper and in the Qubiter code, we use “lc_u2” to mean a
singly controlled U(2) matrix and “c_u2” to mean a controlled U(2) matrix. If we say
a gate is controlled, it may have 1 or more controls (it might be singly or multiply
controlled).

2 Notation and Preliminaries

In this section, we will review briefly some of the more unconventional notation used
in this paper. For a more detailed discussion of Tucci’s notation, especially its more
idiosyncratic aspects, see, for example, Ref.[2].

Note that in our circuit diagrams, time points in this direction <—, in agreement
with the usual ordering of operators in Dirac notation. This is contrary to most
papers on quantum computing, which draw quantum circuits with time pointing in
this direction —.

As usual, the Pauli matrices are defined by:

101 |0 = |1 0 (1)
XElvro YTl 0% o -1
We will denote the projectors onto the states 0 and 1 by

P=1) (1 =n (2)

(n is often referred to as the number operator because it equals 1 if the state has 1
particle and 0 if 0) and

Po=10)(0|]=1—-n=m. (3)
Note that
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Recall that the 2-dim Hadamard matrix defined by

(1 2]

satisfies

H*=H, HoxH=o0y,. (7)
Let 7 - ¢ = o, for any (3-dim, real) unit vector 7.
One can show by Taylor expansion that

7 = cos(0) + io, sin(6) (8)

for any real number 6§ and unit vector 7.
For any unit vectors 7 and 3, the Pauli matrices satisfy:

0,05 =17-8+10, X 04 . (9)

Any SU(2) matrix W can be expressed as e?»» for some real number 6,, and
unit vector w. We will call (6,,w) the SU(2)-pair corresponding to W. Since the
product of two SU(2) matrices equals another SU(2) matrix, the following equation:

w1 0wy iuwyTwy — ibwow (10)
defines a map of 2 SU(2)-pairs into a new one.

(010171171)7 (9w27w2) - (ngw) . (11)

One can find analytic expressions for the output SU(2)-pair in terms of the two input
SU(2)-pairs as follows. Let ¢ = cos(f,,) and s = sin(f,,). Also abbreviate c; = cos(6.,)
and s; = sin(f,,,) for j = 1,2. Then

. . c1Cg — 51527 - Wa
= . . ) 12
(e1 4 10w, 51)(C2 + 104, S2) { 510000, + 152100y — 151520, i (12)
= c+ 10,5 . (13)
Define
= 8162?131 + 8261?132 — 81821151 X Ujg (14)
and
77.’
W= — . (15)
7]
Then



C = (C1Cy — 81821151 . sz

s = |7 : (16)

0, = arctan 2(s, ¢) = arctan(s/c)

Some U(2) matrices to which Qubiter allows one to attach controls are:

" = ¢'5ei397 (17a)
e = 't eTi297 (17b)
00 = (—i)(io,) = e7'2 37 (17¢)
fora=X,Y, Z, and
ox +0z N T T
H=——==(—1)(ioc,) = e "2¢'2% 17d
7 (—i)(ioa) (17d)
_ i+
for a = s

3 One Controlled U(2) (1c_u2)

In this section, we will show how to express a 1c_u2 as a product of CNOTs and single
qubit rotations. Pictorially , if W is any U(2) matrix, we want to expand:

W ()"0 = : (18)

In general, a 1c_u2 requires 3 CNOT's to express it, but in some special cases, one can
get away with using only 1 or 2 CNOTSs. This section contains 3 subsections dealing
with the cases of 1, 2 and 3 CNOTs, in that order.

We will express W in two ways:

W = eideiGwa 7 (19)
and

W — e’iéeiaazei’}@'y ei,BO'Z , (20)

for real numbers 9, 0,,, a, v, 5 and a unit vector w. Next, we shall express the param-
eters (a, 7, 5) in terms of the SU(2)-pair (6, w).

Define wy = w, + 1w,. For any angle £, we will use the abbreviations ¢ =
cos(€) and s¢ = sin(&). One has



e 0 Cy o 8y e 0 | [ co, +iw,se, 18, W_
R e | @)

0 e —5, ¢y 159, W4 cp,, — WSy,
SO
et = ¢y, +iw, sy, (22)
and
O Fs = isg w_ . (23)
Define mag, ¢y and s, by
mag =1/ ¢ +wis; (24)
¢y = mag (25)
and
Sy = Sg, |w_] . (26)
Then
gilotB) — 0w T MW:S0, g, (27)
mag
and

A TR (25)

The last two equations should be taken as the definitions of the real parameters 6,
and 6. It follows that

__ 01402
o=

B =g . (29)

2
~ = arctan 2(sy, |w_|, mag)

3.1 1 CNOTS, 2 target rots

Assume that we can write

o A

on
W yi

for U(2) matrices W, A and a real parameter d.

(30)

ot



Eq.(30) implies that .
W =ePAox Al . (31)

Therefore

W =é, . (32)

Next we show that Eq.(31) can be satisfied if we assume A can be expressed as:

A =io, . (33)
Egs.(31), (32) and (33) imply
Ow — 040x0g . (34)
But
0,0x0, = (ay 4 104x3)04 (35)
= GIUG—FZ‘(&X.%)'CAL—O'CALX:% X 4 (36)
—— X xa
= 2a,0,—0x , (37)
SO

w, = 2a% — 1

Wy = 2050y (38)

W, = 20,0,

which can be inverted to

A, = we+1
T 2
_ Wy 39
ay = (39)
Wy
Az = 2a,

3.2 2 CNOTS, 2 target rots

Assume that we can write

S :
= (40)
for U(2) matrices W, A and a real parameter d.
Eq.(40) implies that
W =eAox Aoy . (41)



Therefore

w, =0. (42)

Next we show that Eq.(41) can be satisfied if we assume A can be expressed
as:

A= eiaazei%ay (43)
for real parameters «, . Indeed, just set (this is a special case of Eqgs.(29)):

—_ -0
o = B D) . (44)
v = arctan 2(sg, wy, mag)

3.3 3 CNOTS, 3 target rots

Assume that we can write

= (45)
—wW 1
for U(2) matrices W, A, B, C and a real parameter 0.
Eq.(45) implies
1=ABC (46)
and
W = €i5Ang0'Xc . (47)
The last two equations are satisfied if we set
A= eiaazei%oy 7 (48)
B = e i3ovei®gor (49)
C = ¢’ oz (50)

with the real parameters «, 3, given by Egs.(29).



4 Controlled U(2) (c_u2)

In this section, we will show how to express a c_u2 as a product of CNOTs and single
qubit rotations. Pictorially , if W is any U(2) matrix, we want to expand:

—e— 0

—— 1
JW(3)r2m0n©) _ _ (51)

— e 2

Wl s

This example has 3 controls, but we are interested in any number greater or equal to
1. The one control case was dealt with in the previous section, so in this section we
will only show how to express an c_u2 as a product of single qubit rotations, CNOT's
and lc_u2’s.

For any x" denoting the labels of r distinct qubits, we will abbreviate a tensor
product of r Z-Pauli matrices by:

oz(@") = II oz (52)

7=0,1,...,r—1
For example, 07(1,3) = 07(1)oz(3)
A useful identity is
[0z} o 0
= , (53)
1 !
or, written in algebraic language,
UX<O)n(1)UZ<O)UX(O)n(1) =07(0,1) . (54)

Define the “generalized n (GN)” n(1,0) by



—{GN}— o
n(1,0) = (55)
—{GN}— 1
(n] 0
- (56)
. 0
= 5[1— ] (57)
1
_ %[1—02(1,0)]. (58)

Define the “generalized-n (GN)” n(2,1,0) by

—lGN}-

n(2,1,0) = —GN}- 1 (59)
—leNj-
7]

_ %[1 —04(2,1,0)] . (62)

It’s clear from the definitions of n(1,0) and n(2,1,0) how one can define by
analogy a generalized-n denoted by n(z"), where the indices " denote r distinct
qubits. Note that n(x") is a diagonal matrix that contains £1 along its diagonal and
is symmetric in its indices.

Note that



n(Un(0) = [~ ox(V]1 - 04(0)] (63)

— 3= 2(0) - 72(1) + 72(1,0) (69)
1-2n(0) 1-2n(1)  1—2n(1,0)
_ %[n(O)—i—n(l)—n(l,O)]. (65)
Note also that
n(2)n(1,0) = 3[1—02(2)][1—02(1,0)] (66)
= 10— 02(1,0) ~ 02(2) + 05(2,1,0) (67)
_ %[n(1,0)+n(2)—n(2,1,0)]. (68)
Therefore,
n(2)n(1)n(0) = %n(Q)[n(O)jLn(l)—n(l,O)] (69)
= o0 a@n0) + n@n()  —  #@n(L0) ] (70)
—— —— ——
Ln@+n(0)-n(20)]  3r@+n(D-n@D)]  L[(L0+n@)-n(2L0)
L [ [(0) +7n(1) +n(2)]
= [ (1,0) +n(2,0) +n(2,1)] & . (71)
+n(2,1,0)

It’s clear that Eq.(65) for a tensor product of 2 n’s and Eq.(71) for a tensor
product of 3 n’s can be generalized by induction to a formula that expresses a tensor
product of an arbitrary number of n’s as a linear combination of generalized-n’s. That
generalization is

R—-1

[[n0) =3 S (—thagy), (72)

r=0 r=1 yreComb,({0,1,....R—1})

where Comb,.(S) denotes the r-length combinations of a set S. Eq.(72) can now be
used to achieve the original goal of this section, which is to expand an c_u2 as a
product of CNOTs, single qubit rotations and lc_u2’s.

Note that

10



1 = 1 (73)

2 2
The Qubiter software uses the right hand side diagram to express a generalized-n
n(0,1,2).

Note that the right hand side of Eq.(72) contains R choose r terms summed
from r =1 to r = R so it contains a total of Zle ]j =2 — 1 summands. The

power set 2% of a set S = {0,1,2,..., R — 1} contains 2% elements and that includes
the empty set. 2° minus the empty set contains 2% — 1 elements, just like the sum
in Eq.(72). It’s easy to see that 2 is in 1-1 correspondence with the set of binary
strings R digits long. Hence, it is easy to see that the summands in Eq.(72) are in 1-1
correspondence with the set of all binary strings R digits long, excluding the string
which is all zeros. Qubiter exponentiates Eq.(72), and orders the 2% — 1 factors in
Gray code so that adjacent factors differ by only one bit (in normal ordering they
may differ by more than 1 bit). This Gray code ordering is convenient to use because
it allows us to cancel CNOTs produced by the generalized-n’s of two adjacent factors,
a “compiling optimization” which is more difficult to do if Gray code is not used.
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